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, . ,
$*$ Lamb [19] p. 498 . 1860 .
1697 2010 236-248 236




2 $\searrow$ , $0$
. 2 ,
, .
. $U$ , $\tilde{u}$ , $\tilde{u}$ $\alpha$ .
$u$ ,
$u=U+\tilde{u}$ ; $\tilde{u}=\alpha\tilde{u}_{01}+\frac{1}{2}\alpha^{2}\tilde{u}_{02}+\cdots$ (1)
. $0$ , , $\alpha$
. $\alpha\tilde{u}_{01}$ Kelvin . ,
, 1 . Kelvin $\Delta H$ , Kelvin
:
$\Delta H=\frac{1}{2}\int u^{2}dV-\frac{1}{2}\int U^{2}dV=\alpha H_{1}+\frac{1}{2}\alpha^{2}H_{2}+\cdots$:(2)
$H_{1}= \int U\cdot\tilde{u}_{01}dV$, $H_{2}= \int(\tilde{u}_{01}^{2}+U\cdot\tilde{u}_{02})dV$. (3)
$(U\neq 0),$ $\alpha$ 2 ,
, Kelvin , $\tilde{u}_{02}$ , , $\alpha$ 2





(isovortical sheet) , Euler ,
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[1, 2, 14]. ,
1 , 2 $H_{2}$




$(H_{2}\leq 0)$ . $U$
. , (3) $H_{2}$ , $H_{2}\leq 0$ , ,
$\tilde{u}_{02}$ ( ) ,
$\ovalbox{\tt\small REJECT}$ . , ,
: $\int U\cdot\overline{\tilde{u}_{02}}dV<0$ . ,
‘ ’ . isovortical ,
Euler , Lagrange . Lagrange
2 ,
[7]. , 3
, . , [11]
, Kelvin
( [12, 13] . ).
Malkus [21] , MSTW
,
( [4, 16] ). ,
, Euler Kelvin






, , Lagrange [7] ,
3 [23].
, , , (Hamiltonian
normal form) [17] , .
, [29, 26] ;Euler
,
. , Euler . ,
, , MSTW







\S 2 Lagarage 2 , \S 3 ,
Euler




Amol’d [1, 2] -
Euler Lagrange
[14]. [12, 13, 7]
, Lagrange 2 .
2 .
$\mathcal{D}\subset \mathbb{R}^{3}$ , SDiff $(\mathcal{D})$
. Lie $\mathfrak{g}$ . $<\cdot,$ $\cdot>\in \mathbb{R}$ , $\mathfrak{g}$
$\mathfrak{g}^{*}$ . , $u\in \mathfrak{g}$ $v\in \mathfrak{g}^{*}$ , $<u,$ $v>$ .
, $\mathfrak{g}^{*}$ , $<\cdot,$ $\cdot>$ (
) . Lie $[$ , $]$ $\mathfrak{g}$ ad ,
:
ad$(u_{1})u_{2}=[u_{1}, u_{2}]=(u_{2}\cdot\nabla)u_{1}-(u_{1}\cdot\nabla)u_{2}$ for $u_{1},$ $u_{2}\in \mathfrak{g}$ . (4)
, $u_{i}=u_{i}\in \mathfrak{g}$ $\dagger$ .
$\mathfrak{g}^{*}$ $F_{1}$ $F_{2}$ , Lie-Poisson
$\{F_{1}, F_{2}\}=\langle[\frac{\delta F_{1}}{\delta v},$ $\frac{\delta F_{2}}{\delta v}],$ $v\}$ (5)
. Euler Poisson $\partial F/\partial t=\{F, H\}$
. $\mathfrak{g}^{*}$ ad$*$ , $\xi\in \mathfrak{g}$ , ad
$\langle u$ , ad$(\xi)^{*}v\}=\langle$ad$(\xi)u,$ $v\rangle$ . , Poisson $v\in \mathfrak{g}^{*}$
$\frac{\partial\prime\iota f}{\partial t}=-ad^{*}(\frac{\delta H}{\delta\uparrow)})v$. (6)
[1]. , $\delta H/\delta v$ $u(t)\in \mathfrak{g}$ ,




$[ad^{*}(\xi)v]_{i}=[-\xi\cross(\nabla\cross v)+\nabla f]_{i}$ $(i=1,2,3)$ (7)
. , $f$ $\mathcal{D}$ , $\xi$ $\mathcal{D}$ . $f$
, $v\in \mathfrak{g}^{*}$ , $\mathcal{D}$ $\partial \mathcal{D}$ $\partial \mathcal{D}$ $\mathcal{D}$
.
(6) $v(t)=$ Ad$*(\varphi_{t}^{-1})v(O)$ . , $\delta H/\delta\tau$’
SDiff $(\mathcal{D})$ , $t$ .
$\{Ad*(\varphi)v(0)\in \mathfrak{g}^{*}|\varphi\in SDiff(\mathcal{D})\}$
(isovortical sheet) . to
$u(t_{0})= \frac{\partial}{\partial t}|_{t_{0}}(\varphi_{t}0\varphi_{t_{O}}^{-1})=\frac{\delta H}{\delta v}|_{t_{0}}$ (8)
.
, SDiff $(\mathcal{D})$ $\mathfrak{g}^{*}$
$v(t)$ . , $t=0$ , $v(0)$ $\varphi_{\alpha,0}\in SDiff(\mathcal{D})$
, $v_{\alpha}(O)=$ Ad$*(\varphi_{\alpha_{1}0}^{-1})v(O)$ . ,
$\alpha\in \mathbb{R}$ . ,
$v_{\alpha}(0)$ $v(t)$ , SDiff $(\mathcal{D})$
$v_{\alpha}(t)$ . , $t$
, $\varphi_{\alpha,t}\in SDiff(\mathcal{D})$ , $v_{\alpha}(t)$ $v(t)$
$v_{\alpha}(t)=$ Ad$*(\varphi_{\alpha,t}^{-1})v(t)=$ Ad$*((\varphi_{\alpha,t}\circ\varphi_{t})^{-1})v(O)$ . (9)
.
$\alpha$ , $\varphi_{\alpha,t}$ . , $t$
Lie $\xi_{\alpha}(t)\in \mathfrak{g}$ , , $\varphi_{\alpha,t}=\exp\xi_{\alpha}(t)$
. $\xi_{\alpha}$ $\alpha$ $O(\alpha^{2})$ :
$\xi_{\alpha}=\alpha\xi_{1}+\frac{1}{2}\alpha^{2}\xi_{2}+\cdots$ (10)
Ad$*( \varphi_{\alpha,t}^{-1})=\sum_{n=0}^{\infty}$ $[$ -ad* $(\xi_{\alpha})]^{n}\prime n!$ , , (9)
:
$v_{\alpha}$ $=$ $v+ \alpha v_{1}+\frac{1}{2}\alpha^{2}v_{2}+\cdots$ ;
$v_{1}=-$ad$*(\xi_{1})v$ , $v_{2}=-$ad$*(\xi_{2})v+ad^{*}(\xi_{1})$ad$*(\xi_{1})v$ . (11)
$(v=v\in \mathfrak{g}^{*})$ ,
$v_{1}=\mathcal{P}[\xi_{1}\cross\omega]$ , $v_{2}=\mathcal{P}[\xi_{1}\cross(\nabla\cross(\xi_{1}\cross\omega))+\xi_{2}\cross\omega]$ (12)
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. , $\omega=\nabla\cross v$ , $\mathcal{P}$
. $\varphi\alpha$ ,t
$u_{\alpha}(t_{0})$ $=$ $\frac{\partial}{\partial t}(\varphi_{\alpha,t}0\varphi_{t}0\varphi_{t_{0}}^{-1}0\varphi_{\alpha,t_{0}}^{-1})t_{0}$
$=$ $u(t_{0})+ \sum_{n=0}^{\infty}\frac{1}{(n+1)!}[ad(\xi_{\alpha})]^{n}(\frac{\partial\xi_{\alpha}}{\partial’t}-ad(v)\xi_{\alpha})$ (13)
. ,
$u_{\alpha}$
$=u+ \alpha u_{1}+\frac{1}{2}\alpha^{2}u_{2}+\cdots$ ;
$u_{1}= \frac{\partial\xi_{1}}{\partial t}-ad(u)\xi_{1}$ ,
$u_{2}= \frac{\partial\xi_{2}}{\partial t}-$ ad $(u)\zeta_{2}+$ ad $( \xi_{1})(\frac{\partial\xi_{1}}{\partial t}-$ ad$(u)\xi_{1})$ (14)
.
$H$ , $\mathcal{D}$ $u_{\alpha}\in \mathfrak{g}$ $v_{\alpha}\in \mathfrak{g}^{*}$
:
$u_{\alpha}(t)= \frac{\delta H}{\delta v}|_{\alpha}(t)=v_{\alpha}(t)$. (15)
1 $H= \int_{\mathcal{D}}v_{\alpha}^{2}\prime 2dV$
, $v_{\alpha}(t)$ $u_{\alpha}(t)$ .
, (12) (14) , $\xi_{1},$ $\xi_{2}$
$\frac{\partial\xi_{1}}{\partial t}+(U\cdot\nabla)\xi_{1}-(\xi_{1}\cdot\nabla)U=v_{1}$, (16)
$\frac{\partial\xi_{2}}{\partial t}+(U\cdot\nabla)\xi_{2}-(\xi_{2^{e}}\cdot\nabla)U+(v_{1}\cdot\nabla)\xi_{1}-(\xi_{1}\cdot\nabla)v_{1}=v_{2}$ (17)
. $v_{1},$ $V_{2}$ (12) . $U=v$
, (12) $\omega=\nabla\cross U$ . 1
(16) , 2 (17) . ,
[7] . [7]





$H(v_{\alpha})=H(v)+ \alpha H_{1}+\frac{1}{2}\alpha^{2}H_{2}+\cdots$ (18)
. $(\partial v/\partial t=0),$ (11) , 1
:




$H_{2}$ $=$ $\langle\frac{\delta l1}{\delta\uparrow\dagger},$ $v_{2} \rangle+\langle\frac{\overline{\delta}^{2}H}{\delta v^{2}}v_{1},$ $v_{1}\}=-\langle\xi_{2},$ $\frac{\acute{(})_{1f}\prime}{\partial t}\}-\langle\xi_{1},$
$\frac{()_{1\prime_{1}}\prime}{\partial t}\}$
$=-\langle\xi_{1},$ $\frac{\partial v_{1}}{\partial t}\}=\langle\xi_{1},$ $ad^{*}(\frac{\partial\xi_{1}}{\partial t})v\}=\int_{\mathcal{D}}\omega\cdot(\frac{\partial\xi_{1}}{\partial t}\cross\xi_{1})dV$ (20)
. .
(20) ;(20) 2
, 2 Lagrange $\xi_{2}(x, t)$ , 1
$\xi_{1}(x, t)$ , , . (20)
( [2]) , , 2 $\xi_{2}$
.
, $O(\alpha^{2})$
, , [11]. $\eta\in \mathfrak{g}$ , , ‘
’ $J=<\eta,$ $v>$ . Noether
, $\exp\eta$ , $J$ .
$v_{\alpha}$
$J_{\alpha}=<\eta,$ $v_{\alpha}>$ , $J_{\alpha}$ $J$
$\alpha$
$J_{\alpha}=<\eta,$ $v>+ \alpha J_{1}+\frac{1}{2}\alpha^{2}J_{2}+\cdots$ (21)
. (11) , 2
$J_{1}=\langle\eta,$ $v_{1}\}=\langle\eta,$ $-ad^{*}(\xi_{1})v\rangle=\langle\xi_{1},$ $ad^{*}(\eta)v\}$ ,
$J_{2}=\langle\eta,$ $v_{2}\}=\langle\xi_{2},$ $ad^{*}(\eta)v\}+\langle\xi_{1},$ $ad^{*}(\eta)v_{1}\}$ (22)
.
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, $v(t)$ ad$*(\eta)v=0$ , , 1 $J_{1}=0$ ,
, 2 2 , Euler ,
$J_{2}=\langle ad(\eta)\xi_{1},$ $- ad^{*}(\xi_{1})v\}=\int_{\mathcal{D}}\omega\cdot(\xi_{1}\cross \mathcal{L}_{\eta}\xi_{1})dV$ (23)
. $\mathcal{L}_{\eta}\xi_{1}=-$ad $(\eta)\xi_{1}$ $\xi_{1}$ $\eta$ Lie . 2






$z$- $(r, \theta, z)$ . 2 $r$ , $\theta$
, $V_{0}$ , $P_{0}$ . $0$ ,
. [26, 23] ,
.
$U_{0}=0$ , $V_{0}=r$ , $P_{0}=r^{2}2-1$ (24)
. $\tilde{u}=\alpha u_{01}$ , , 3
$u_{01}^{(m)}=A_{m}(t)u_{01}^{(m)}(r)e^{im\theta}e^{ikz}$ , $A_{m}(t)\propto e^{-i\omega ot}$ (25)
. , $A_{m}(t)$ $t$ , $\omega_{0}$ .
, $m(\in \mathbb{Z})$ , $k(\in \mathbb{R})$ Kelvin . $u_{01}^{(m)}(r)$
Euler :
$\mathcal{L}_{m_{2}k}u_{01}^{(m)}+\nabla p_{01}^{(m)}=0$, $\nabla\cdot u_{01}^{(m)}=0$ . (26)
,
$\mathcal{L}_{m,k}=(\begin{array}{lll}-i(\omega_{0}-m) -2 02 -i(\omega_{0}-m) 00 0 -i(\omega_{0}-m)\end{array})$ (27)
.
, , $m$- 1 Bessel $J_{m}$ ,
$u_{01}^{(m)}$ $=$ $\frac{i}{\omega_{0}-m+2}\{-\frac{m}{r}J_{m}(\eta_{m}r)+\frac{\omega_{0}-m}{\omega_{0}-m-2}\eta_{m}J_{m+i}(\eta_{m}r)\}$ ,
$v_{01}^{(m)}$ $=$ $\frac{1}{\omega_{0}-m+2}\{\frac{m}{r}J_{m}(\eta_{m}r)+\frac{2\eta_{m}}{\omega_{0}-m-2}J_{m+1}(\eta_{m}r)\}$ ,
$w_{01}^{(m)}$ $=$ $\frac{k}{\omega_{0}-m}J_{m}(\eta_{m}r)$ , $p_{01}^{(m)}=J_{m}(\eta_{m}r)$ (28)
243
$k$
2: Kelvin . $(m=-1)$ ,
$(m=+1)$ .
. , $\eta_{m}$ , $\eta_{m}=[4/(\omega_{0}-m)^{2}-1]k^{2}$ .
(28) $u_{01}^{(m)}=0$ at $r=1$ ,
$J_{m+1}( \eta_{m})=\frac{(\omega_{0}-m-2)m}{(\omega_{0}-m)\eta_{m}}J_{m}(\eta_{m})$ (29)
[28, 23].
2 $(m=\pm 1)$ . $(m=-1)$
, $(m=+1)$ . $(m=1)$
$(k, \omega_{0})=(0,1)$ , $(m=-1)$ $(k, \omega_{0})=(0, -1)$
. , 20 . [27, 5]
, (isolated modes) .
5 Kelvin
Kelvin $\alpha u_{01}$ , $\tilde{u}$ $O(\alpha^{2})$ $\alpha^{2}u_{02}$
( $\theta$ $z$ ) . $z$- $z$-
, $\theta$ $z$ ,
. , Euler [26] , $O(\alpha^{2})$
[7] , (\S 1)
. Lagrange .




$u_{01}= \frac{(9\xi_{1}}{\partial t}+(U_{0}\cdot\nabla)\xi_{1}-(\xi_{1}\cdot\nabla)U_{0}$ (30)
. (24) $U_{0}=re_{\theta}$ , (30) $i(\omega_{0}-m)\xi_{1}$




, $U_{0}=re_{\theta}$ $\nabla\cross U_{0}=2e_{z}$ , ,
(23) (12) . ,
(20) , 2 Lagrange $\xi_{2}$ ,
$\overline{u_{02}}=\overline{\mathcal{P}[\xi_{1}\cross(\nabla\cross(\xi_{1}\cross e_{z}))]}=\overline{\xi_{1}\cross\partial\xi_{1}/\partial z}$
$= \sum\frac{4ik}{(\omega_{0}-m)^{2}}|A_{m}|^{2}(0, u_{01}^{(m)}w_{01}^{(m)}, -u_{01}^{(m)}v_{01}^{(m)})$ (32)
. Lagrangian , $k$ $\omega_{0}$
$(k, \omega_{0})$ . , .
3 . $k$ $0$ , , 2





. (25) , (action) $\mu_{0}=E_{2}/\omega_{0}$
,
$J_{2\theta}=m\mu_{0}$ , $J_{2z}=k_{0}\mu_{0}$
, $\mu_{0}$ . , $J_{2}$ ‘ (pseudo-momentum)’
.
6
$z$ , , ,
Rankine . , , Kelvin
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, , $\epsilon$ ,
$O(\alpha^{2}\epsilon)$ [26, 29]. ,
, . ,
isovortical , Kelvin $O(\alpha^{2})$
. ,
. , $O(\alpha^{3})$ .$\iota\backslash$
[23, 8]. , , [17] ,
.
, Kelvin $O(\alpha^{3})$
. . Kelvin ,
, [21, 4]. Kelvin
, , 2 Kelvin
[22, 6]. 2 ,
, Euler
, . , .
$O(\alpha^{2})$ , Lagrange
, .
[1] Arnol’d, V. I.: Sur la g\’eom\’etrie diff\’ercntielle des groupes de Lie de dimcnsion infinie et
ses applications a l’hydrodynamique des fluids parfaits, Ann. Inst. Fourier Grenoble
16 (1966) 319-361.
[2] Arnol’d, V. I.: Sur un principle variationnel pour les \’ecoulements stationnaires des
liquides parfaits et ses applications aux probl\‘emes dc stabilit\’e non lin\’eaires, J. M\’ec.
5 (1966) 29-43.
[3] Eloy, C. and Le Diz\’es, S.: Stability of the Rankine vortex in a multipolar strain field,
Phys. Fluids 13 (2001) 660-676.
[4] Eloy, C., Le Gal, P. and Le Diz\’es, S.: Experimental Study of the Multipolar Vortex
Instability, Phys. Rev. Lett. 85 (2000) 3400-3403.
246
[5] Fukumoto, Y.: The three-dimensional instability of a strained vortex tube revisited,
J. Fluid. Mech. 493 (2003) 287-318.
[6] Fukumoto, Y., Hattori, Y. and Fujimura, K.: Weakly nonlinear evolution of an ellip-
tical flow, In Proc. of the 3rd Intemational Conference on Vortex Flows and Vortex
Models (ed. K. Kamemoto, the Japan Society of Mechanical Engineers (JSME), 2005)
pp. 149-154.
[7] Fukumoto, Y. and Hirota, M.: Elliptical instability of a vortex tube and drift current
induced by it, Phys. $Scr$. T132 (2008) 014041.
[8] Fukumoto, Y., Hirota, M. and Mie, Y.: Lagrangian approach to weakly nonlinear
stability of an elliptical flow, submitted to Phys. $Scr$. (2010).
[9] Helmholtz, H. von: \"Uber integrale der hydrodynamischen gleichungen, welche den
wirbelbewegungcn entsprechen, Crelle’s J. (J. Reine Angew. Math.) 55 (1858) 25-
55. [English translation] by P. Tait: On integrals of the hydrodynamical equations,
which express vortex-motion, Phil. $Mag$ . (4) $33$ (1867) pp. 485-513.
[10] Helmholtz, H. von: Theorie der luftschwingungen in rohren mit offnen enden, Crelle’s
J. 57 (1860) 1-71.
[11] Hirota, $M$ : Action-angle representation of waves in fluids and plasmas: applications
to stability analysis and wave-mean field interactions, In COE Lecture Note Vol. 20
Math-for-Industry Tutori $al$: Spectml theories of non-He7vnitian operators and their
application (Faculty of Mathematics, Kyushu University, 2009) pp. 137-156.
[12] Hirota, M. and Fukumoto, Y.: Energy of hydrodynamic and magnetohydrodynamic
waves with point and continuous spectra, J. Math. Phys. 49 (2008) 083101.
[13] Hirota, M. and Fukumoto, Y.: Action-angle variables for the continuous spectrum of
ideal magnetohydrodynamics, Phys. Plasmas 15 (2008) 122101.
[14] Holm, D. D., Schmah, T. and Stoica, C.: Geometric Mechanics and Symmetry (Ox-
ford University Press, 2009).
[15] Howe, M. S.: Vorticity and the theory of aerodynamic sound, J. $Eng$. Math. 41
(2001) 367-400.
[16] Kerswell, R. R.: Elliptical instability, Annu. Rev. Fluid Mech. 34 (2002) 83-113.
[17] Knobloch, E., Mahalov, A. and Marsden, J. E.: Normal forms for threedimensional
parametric instabilities in ideal hydrodynamics, Physica $D73$ (1994) 49-81.
247
[18] Kobayashi, T., Takami, $T,$ , Miyamoto, M., Takahashi, K., Nishida, A. and Aoy-
agi, M.: Calculation with Compressible LES for Sound Vibration of Ocarina, In
Proc. of Open Source $CFD$ Intemational Conference 2009.
[19] Lamb, H.: Hydrodynamics, 6th ed. (Cambridge University Press, 1932).
[20] Lighthill, J.; On sound generated aerodynamically. I. General theory, Proc. $Roy$. Soc.
London A 211 (1952) 564-587.
[21] Malkus, W. V. R.: An experimental study of the grobal instabilities due to the
tidal (elliptical) distortion of a rotating, Geophys. Astrophys. Fluid $Dyn$ . $48$ (1989)
123-134.
[22] Mason, D. M. and Kerswell, R. R.: Nonlinear evolution of the elliptical instability:
an example of incrtial wave breakdown, J. Fluid Mech. 396 (1999) 73-108.
[23] Mie, Y. and Fukumoto, Y.: Weakly nonlinear saturation of stationary resonance of
a rotating flow in an elliptic cylinder, J. Math-for-Industry 2 (2010) 27-37.
[24] Moore, D. W. and Saffman, P. G.: Instability of a straiht vortex filament in a strain
field, Proc. R. Soc. Lond. A 346 (1975) 413-425.
[25] Rodrigues, S. B. and Luca, J. D.: Weakly nonlinear analysis of short-wave elliptical
instability, Phys. Fluids 21 (2009) 014108.
[26] Sipp, D.: Weakly nonlinear saturation of short-wave instabilities in a strained Lamb-
Oseen vortex, Phys. Fluids 12 (2000) 1715-1729.
[27] Tsai, C.-Y. and Widnall, S. E.: The stability of short waves on a straight vortex
filament in a weak extemally imposed strain field, J. Fluid Mech. 66 (1976) 721-733.
[28] Vladimirov, V. A., Tarasov, V. F. and Rybak, L. Ya.: Stability of elliptically de-
formed rotation of an ideal incompressible fluid in a Coriolis force field, $Izv$. Atmos.
Ocean. Phys. 19 (1983) 437-442.
[29] Walcffe, F. A.: The $3D$ instability of a strained vortex and its relation to turblence,
$PhD$ thesis. MIT.
248
